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Abstract
We study isometric embeddings of some solutions of the Einstein equations with suf-
ficiently high symmetries into a flat ambient space. We briefly describe a method for
constructing surfaces with a given symmetry. We discuss all minimal embeddings of the
Schwarzschild metric obtained using this method and show how the method can be used
to construct all minimal embeddings for the Friedmann models. We classify all the em-
beddings in terms of realizations of symmetries of the corresponding solutions.
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1 Introduction
According to the Janet-Cartan theorem [1, 2], an arbitrary Riemannian space of dimension d
can be locally embedded isometrically into any Riemann space of dimension N ≥ d(d + 1)/2
and hence into a flat space of this dimension. Friedman generalized [3] this theorem to the
case of a space with a nonpositive signature. For a four-dimensional space-time, the theorem
ensures the existence of a local embedding for N = 10. But in some cases, the ambient space
into which we can embed a space-time with a given metric can have a lower dimension. The
number p = N − d for the minimum possible value of N is called the embedding class of the
metric. The higher the symmetry of a space-time is, the lower its embedding class (see [4]). On
the other hand, if we require that an embedding be global, i.e., that the whole manifold with
a given metric be embedded smoothly into the ambient space, then the required dimension
N can be much higher than that predicted by the Janet-Cartan theorem because the theorem
ensures the existence of only a local embedding. Some results concerning the existence of global
embeddings can be found in [5].
If we describe a surface in a flat space using the embedding function ya(xµ) (here and
hereafter, Greek indices µ, ν, . . . take d values and Latin indices a, b, . . . take N values), then
the problem of constructing an embedding for the given metric gµν(x) reduces to solving the
equation (
∂µy
a
)(
∂νy
b
)
ηab = gµν , (1)
where ∂µ ≡ ∂/∂xµ and ηab is the flat metric of an ambient space.
The problem of constructing embeddings for various solutions of the Einstein equations has
long been discussed, almost since general relativity appeared. The purposes of this construction
can differ. An explicit form of the embedding can be useful for better understanding the
space-time geometry, which is clearly seen in the example of Fronsdal’s embedding [6] for the
Schwarzschild metric described in Sec. 3 (this embedding is closely related to the use of Kruskal-
Szekeres coordinates; see a remark at the end of [6]). The existence of an embedding can be used
to solve problems not directly related to embeddings, for example, to find exact solutions of the
Einstein equations (see [4]). The explicit form of an embedding in a physically meaningful case
can be useful when developing the approach in [7,8] in which gravity is described not by a metric
but by the embedding function. Such a development relates to studying the possibilities of
physically interpreting extra solutions of the theory [9–11], to studying a canonical structure of
the theory [12–15], to obtaining a canonical formulation of the theory with additional constraints
that ensure the absence of extra solutions [16, 17], and to passing to a field theory in the flat
ambient space [18]. Some of these results together with a formalism convenient for calculating
in the embedding theory framework were presented in [19]. An extensive list of references
relevant to embedding theory and related questions can be found in [20].
Constructing explicit embeddings of solutions of the Einstein equations into flat ambient
spaces was discussed in numerous papers devoted mainly to the physically meaningful case
d = 4. An important result is Kasner’s theorem, which states that in this case, a vacuum
solution of the Einstein equations (the one corresponding to a zero Einstein tensor) cannot
be embedded into a five-dimensional ambient space, i.e., it has the embedding class greater
than one [21]. Numerous explicit embeddings were collected in [22, 23], and many problems of
embeddings constructing were discussed in [24].
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Among other embeddings, the problem of embedding the Schwarzschild solution was con-
sidered. Kasner’s theorem then states that N ≥ 6 in this case. Until recently, four minimal
(i.e., corresponding to N = 6) embeddings of the Schwarzschild metric were known. In [25], we
proposed a method for constructing surfaces with a given symmetry and used that method to
find all four previously known and two new minimal embeddings of the Schwarzschild metric.
In Sec. 2, we briefly describe this method. In Sec. 3, we present all six minimal embeddings of
the Schwarzschild metric obtained using this method, which have symmetries intrinsic for this
metric. In Sec. 4, we describe the results of applying this method to the problem of constructing
embeddings of the Friedmann solution for all three model types: closed, open, and spatially
flat. We reveal the connection between ways of realizing the symmetry for these embeddings
and for the embeddings of the Schwarzschild metric.
2 The method for constructing surfaces
with a given symmetry
We say that a surface M is symmetric with respect to a group G if M transforms into itself
under the action of a subgroup of P isomorphic to G, where P is the group of motions of the flat
space Rn+,n− (of the flat space with n+ timelike and n− spacelike directions, n++n− = N > d).
The group of motions of the space Rn+,n− is the corresponding generalization of the Poincare´
group, i.e., P is the semidirect product of the group SO(n+, n−) and the group T n++n− of
translations of the space Rn+,n−. This definition of the surface symmetry implies that domains
transformed into one another by a symmetry transformation must have the same internal and
external symmetries and can therefore be transformed into one another by a shift and/or
rotation of the ambient space.
To construct the desired surface, we must therefore find a homomorphism V from the group
G to the group P. The elements of P admit a matrix representation in the form of N +1 block
matrices of the form (
Λ a
0 1
)
, (2)
where Λ∈SO(n+, n−) and a∈Rn+,n− parameterizes the translations (the points of Rn+,n− are
then described by (n++n−+1)-vectors whose last component is always one). We can therefore
consider V to be a representation of the group G whose matrices have form (2), and the
representation is single-valued and exact but reducible (because matrix (2) corresponds to a
reducible albeit not completely reducible representation). The set of point y ∈Rn+,n−, given by
the formula
y = V (g)y0 (3)
for arbitrary g ∈G and for a fixed initial vector y0 ∈Rn+,n− is then by construction a surface with
the desired symmetry. If we assume that the vector y0 depends on some continuous parameters,
then the set of points determined by formula (3) is again a surface with this symmetry for all
values of these parameters, and its sections corresponding to fixed parameter values also have
this symmetry.
Because the classification of group representations is very well developed, we propose a
constructive way to build surfaces with a given symmetry: we take real-valued representations
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V of the group G one after another starting from minimum values of their dimensions and
selecting those representations with representation matrices of form (2). We must then take into
account that for different representations and for different initial vectors y0, the obtained surface
may have different dimensions. Hence, not all variants are suitable if the surface dimension d
is fixed. We note that the symmetry condition for a desired surface can be formulated in either
global or local form depending on the specific problem.
We can use the presented technique to seek embeddings of Riemannian spaces with a given
metric if their symmetry groups are sufficiently large. For a fixed N , the idea is to use this
method to find all surfaces with the symmetry of the metric and then to impose conditions on
the metric of these surfaces. The higher the symmetry is, the simpler the differential equations
are that arise in the last step. For example, when embedding both the Schwarzschild and the
Friedmann metrics, these equations become ODEs (with respect to the radial parameter r for
the Schwarzschild metric and with respect to the time t for the Friedmann metric), and the
problem can be easily solved. If a metric symmetry is not high, then we obtain PDEs, not
ODEs, and the problem becomes much more complicated.
3 Embeddings of the Schwarzschild metric
We now present the results of applying the above technique to the problem of constructing all
embeddings of the Schwarzschild metric into the six-dimensional ambient space that has the
symmetry of this metric. We must note that a surface that is an embedding of a space-time
might not, in principle, have all the symmetries intrinsic for this space-time. Such embeddings
cannot be found using our technique.
The Schwarzschild metric is a spherically symmetric solution of the Einstein equations in
the absence of matter. The interval of this metric is
ds2 =
(
1− R
r
)
dt2 − dr
2
1− R
r
− r2 (dθ2 + sin2 θ dϕ2) , (4)
where R is the Schwarzschild radius. The Schwarzschild metric is also invariant under shifts of
the coordinate t, and the total symmetry group of a manifold with the Schwarzschild metric is
hence G = SO(3)× T 1.
Using the method described in Sec. 2, we seek representations of the group G that have
matrices written in form (2). Representations of the direct product SO(3)× T 1 can generally
be written as the direct sum of representations that are tensor products of representations of
the groups SO(3) and T 1. For each of the obtained representations, in accordance with formula
(3), we must write the general form of the embedding function ya(xµ) corresponding to this
representation and substitute it in formula (1). Solving this equation thus reduces to solving
simple ODEs, which gives explicit possible variants of the embedding function.
It turns out (see the details in [25]) that for N = 6, a representation V is always the
direct sum of representations of the group SO(3) and T 1. The representation of SO(3) can
then be only the fundamental representation, i.e., SO(3) rotations must be realized as the
same rotations of a three-dimensional subspace of the ambient space, while the representation
of T 1 can be realized in six different ways, which results in six different embeddings of the
Schwarzschild metric for N = 6.
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Variant 1. We realize t-shifts as SO(2) rotations in a two-dimensional subspace of the
ambient space that as a result have the signature (++). The embedding function is
y0 =
1
α
√
1− R
r
sin(αt), y3 = r cos θ,
y1 =
1
α
√
1− R
r
cos(αt), y4 = r sin θ cosϕ,
y2 =
∫
dr
√
R(R + 4α2r3)
4α2r3(r − R) , y
5 = r sin θ sinϕ
(5)
with the signature (++−−−−); here, α is an arbitrary positive constant. This embedding was
found by Kasner in 1921 in [26] (he set α = 1 there), and it is historically the first embedding
of the Schwarzschild metric. It covers only the domain r > R and has a conical singularity at
r = R. This embedding is not asymptotically flat, i.e., it does not tend to a four-dimensional
plane as r →∞, and it cannot be written in terms of elementary functions.
Variant 2. We realize t-shifts as SO(1, 1) rotations in a two-dimensional subspace of the
ambient space that as a result have the signature (+−). The embedding function is
r > R : r < R :
y0 = 2R
√
1− R
r
sinh
(
t
2R
)
, y0 = ±2R
√
R
r
− 1 cosh
(
t
2R
)
,
y1 = ±2R
√
1− R
r
cosh
(
t
2R
)
, y1 = 2R
√
R
r
− 1 sinh
(
t
2R
)
,
y2 =
∫
dr
√
R
r
+
(
R
r
)2
+
(
R
r
)3
,
y3 = r cos θ,
y4 = r sin θ cosϕ,
y5 = r sin θ sinϕ
(6)
with the signature (+ − − − −−). Fronsdal proposed this embedding [6]. The surface thus
defined is smooth (see [6] or [25]), although this is nonobvious at r = R because the embedding
is written in the Schwarzschild coordinates, which are singular at this point. The Fronsdal
embedding differs from other embeddings because it covers all domains of the Riemannian
space corresponding to the Schwarzschild solution: two copies of the domain r > R and two
copies of the domain r < R pertaining to the black and white holes. It is closely related to the
famous Kruskal coordinates (see [25]). This embedding is not asymptotically flat and cannot
be written in terms of elementary functions.
Variant 3. We realize t-shifts as rotations in a two-dimensional ”lightlike” subspace of the
ambient space (in which one direction is timelike and the other is spacelike). The embedding
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function is
y0 = t
√
1− R
r
, y3 = r cos θ,
y1 =
1√
2 γ
(
γ2t2
2
− 1
)√
1− R
r
+
u(r)√
2
, y4 = r sin θ cosϕ,
y2 =
1√
2 γ
(
γ2t2
2
+ 1
)√
1− R
r
+
u(r)√
2
, y5 = r sin θ sinϕ,
(7)
with the signature (+ +−−−−). Here γ is an arbitrary positive constant, and
u(r) =
γr(2r + 3R)
4
√
1− R
r
+
3γR2
8
ln
(
2r
R
(
1 +
√
1− R
r
)
− 1
)
(8)
is a function that is smooth for r > R. This embedding was first proposed by Fujitani, Ikeda,
and Matsumoto [27] (there γ =
√
2). The manifold defined by this embedding covers only the
domain r > R and has a conical singularity at r = R. This embedding is not asymptotically
flat and can be written in terms of elementary functions.
Depending on the rotation type in the above three variants, we can classify them into the
corresponding elliptic, hyperbolic, and parabolic classes.
Variant 4. We realize t-shifts as SO(2) rotations in a two-dimensional subspace of the
ambient space accompanied by translations in the direction orthogonal to this subspace. The
embedding function is
y0 = t′, y3 = r cos θ,
y1 =
(3R)3/2√
r
sin
(
t′
33/2R
−
√
R
r
(
1 +
r
3R
)3/2)
, y4 = r sin θ cosϕ,
y2 =
(3R)3/2√
r
cos
(
t′
33/2R
−
√
R
r
(
1 +
r
3R
)3/2)
, y5 = r sin θ sinϕ
(9)
with the signature (+−−−−−). The parameter t′ = t+ h(r), where
h(r) = 3R
√
1 +
3R
r
+R ln

 R |r − R|(
r +R +
√
r(r + 3R)
)2

 , (10)
differs from the Schwarzschild time t, and the surface determined by the embedding is explicitly
smooth. The radiuses of spirals defined by formula (8) at fixed r increase indefinitely as r → 0,
i.e., the central singularity moves to infinity. This embedding covers half of the Riemannian
space of the Schwarzschild solution determined by the condition v + u > 0 in the Kruskal-
Szekeres coordinates (it covers one copy of the domain r > R and one copy of the domain
r < R corresponding to the black hole), and we have y0 → −∞ as v + u → 0. In contrast to
all other embeddings in the six-dimensional space, this embedding is asymptotically flat. We
proposed this embedding in [25] and called it a spiral or asymptotically flat embedding.
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Variant 5. We realize t-shifts as SO(1, 1) rotations in a two-dimensional subspace of the
ambient space accompanied by translations in the direction orthogonal to this subspace. The
embedding function is
y0 =
R
2β
√
rcr
(
eβt
′+u(r) − r − rc
R
e−βt
′
−u(r)
)
, y3 = r cos θ,
y1 =
R
2β
√
rcr
(
eβt
′+u(r) +
r − rc
R
e−βt
′
−u(r)
)
, y4 = r sin θ cosϕ,
y2 = γˆt′, y5 = r sin θ sinϕ
(11)
with the signature (+−−−−−). Here γˆ > 0, rc = R/(1 + γˆ2), β ≥
√
2rc/(27R2(3R− 2rc)),
t′ = t+ h(r),
h(r) =
∫
dr
R
2βrc(r −R)
√
4β2r2c (r − rc)
R− rc +
r3c (R− r)
r3(R− rc) ,
u(r) =
∫
dr
1−
√
4β2r2
c
(r−rc)
R−rc
+ r
3
c
(R−r)
r3(R−rc)
2(r − rc) (12)
and u(r) is a function smooth at r > 0. This embedding was first proposed by Davidson and
Paz in [28] and was written in form (11) in [25]. The surface determined by this embedding is
everywhere smooth (r → 0 as y0 →∞).
This embedding, just as the spiral embedding, covers half of the Riemannian space cor-
responding to the Schwarzschild solution, and we have y2 → ∞ as v + u → 0. It is not
asymptotically flat and cannot be written in terms of elementary functions.
Variant 6. We realize t-shifts as rotations in a two-dimensional ”lightlike” subspace of the
ambient space accompanied by a complicated translation. The embedding function is
y0 =
ξ2
6
t′3 +
(
1− R
2r
)
t′ + u(r), y3 = r cos θ,
y1 =
ξ2
6
t′3 − R
2r
t′ + u(r), y4 = r sin θ cosϕ,
y2 =
ξ
2
t′2 +
1
2ξ
(
1− R
r
)
, y5 = r sin θ sinϕ
(13)
with the signature (+−−−−−). Here ξ ≥ √27/(32R), t′ = t + h(r),
h(r) =
1
2ξ
∫
dr
√
Rr
(
R(R−r)
r4
+ 4ξ2
)
r − R , u(r) = −
1
2ξ
∫
dr
√
R
r
(
R(R− r)
r4
+ 4ξ2
)
(14)
and u(r) is a function smooth for r > 0. Note that if ξ =
√
27/(32R) then the integrals (14)
can be expressed through an elliptic functions. The surface determined by this embedding is
everywhere smooth (as r → 0, either y0 →∞ or y1 → ∞). Just as the two preceding embed-
dings, this embedding covers half of the Riemannian space corresponding to the Schwarzschild
solution, and we have y0 →∞ as v+u→ 0. It is not asymptotically flat and cannot be written
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in terms of elementary functions. This embedding was proposed in [25], and we call it the cubic
embedding.
We note that because the metric of the Reissner-Nordstro¨m charged black hole has the
same symmetry as the Schwarzschild metric, we can construct minimal embeddings of the
former analogous to those described here including the smooth ones for all r > 0. Describing
these results goes beyond the scope of this paper.
4 Embeddings of the Friedmann metric
Because the Friedmann solutions are not vacuum solutions, the Kasner theorem mentioned in
Sec. 1 does not restrict their embedding classes, and we have embeddings of these solutions
into a five-dimensional ambient space. Such embeddings for all three Friedmann models (closed,
open, and spatially flat) were presented in [22] but were first found in [29]. Some peculiarities
of these embeddings were recently discussed in [30].
In this section, we show that these and only these embeddings can be obtained using the
above method, which implies that these embeddings have the symmetry of the corresponding
model. While this is clear for the open and closed models (see formulas (16) and (19) below),
the presence of the symmetry group of the flat three-dimensional space in the four-dimensional
surface (determined by formula (28) below) corresponding to this solution is absolutely nonob-
vious for the spatially flat model.
The closed Friedmann model. The metric is
ds2 = dt2 − a2(t) (dχ2 + sin2 χ (dθ2 + sin2 θ dϕ2)) , (15)
and the symmetry group is SO(4). We seek a four-dimensional surface M with the symmetry
with respect to this group. We then assume that not only the whole surfaceM but also all its
three-dimensional submanifolds with a fixed t parameter have this symmetry.
To construct an embedding into a five-dimensional space, we must find representations
V of the group SO(4) that are either five-dimensional (pseudo)orthogonal matrices or six-
dimensional matrices of form (2). Because V must have no continuous kernel, the only admissi-
ble representation in this case is the five-dimensional one, which is the direct sum of the vector
and scalar representations. The dimension of the obtained surface M is then automatically
four. Taking into account that the initial vector y0 can depend on t (see the discussion after
(3)), we eventually obtain the embedding function of the form
y0 = f(t), y2 = a(t) sinχ cos θ,
y1 = a(t) cosχ, y3 = a(t) sinχ sin θ cosϕ,
y4 = a(t) sinχ sin θ sinϕ,
(16)
It describes the surface M whose submanifolds with t = const are spheres. Substituting (16)
in (1) with the right-hand side corresponding to metric (15), we find that the signature must
be (+−−−−) and that
f(t) =
∫
dt
√
a˙2(t) + 1, (17)
where we let the dot denote the time derivative. Formulas (16) and (17) hence describe the
embedding function for the closed-type Friedmann model solution, and they coincide with those
given in [22].
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The open Friedmann model. The metric is
ds2 = dt2 − a2(t) (dχ2 + sinh2 χ (dθ2 + sin2 θ dϕ2)) , (18)
and the symmetry is described by the group SO(1, 3).
We proceed as in the case of the closed model. We must find representations V of the
group SO(1, 3) that are either five-dimensional (pseudo)orthogonal matrices or six-dimensional
matrices of form (2). Again taking into account that the representation V must have no
continuous kernel, we find that the only suitable representation is again the five-dimensional
one, which is the direct sum of the vector and scalar representations. Because the three-
dimensional submanifolds of the desired surface M corresponding to fixed values of t must be
spacelike in all three directions, the corresponding embedding function must be written in the
form
y0 = a(t) coshχ, y2 = a(t) sinhχ sin θ cosϕ,
y1 = a(t) sinhχ cos θ, y3 = a(t) sinhχ sin θ sinϕ,
y4 = f(t).
(19)
This function describes a surface whose t = const submanifolds are three-dimensional pseudo-
spheres (hyperboloids).
Substituting (19) in (1) with the right-hand side corresponding to metric (18), we find that
the signature must be (+−−−−) and that
f(t) =
∫
dt
√
a˙2(t)− 1. (20)
We note that the radicand in this formula is always nonnegative because of one of the Friedmann
equations. Formulas (19) with (20) taken into account hence provide the embedding function
for the open-type Friedmann solution; these formulas coincide with those given in [22].
The spatially flat Friedmann model. The metric is
ds2 = dt2 − a2(t) (dr2 + r2 (dθ2 + sin2 θ dϕ2)) , (21)
and the symmetry in this, the most difficult case is the group of motions of the three-dimensional
plane G = SO(3) ⊲ T 3, which is the semidirect product of the rotation group SO(3) and the
translation group T 3. We can write elements of G in the form g = (O × b), where O∈SO(3)
and b∈ T 3, i. e. bi is the three-dimensional vector parameterizing translations. We seek a
four-dimensional surface M that is symmetric with respect to this group and such that its
three-dimensional submanifolds corresponding to fixed values of the parameter t have the same
symmetry. We mention that we have other variants in addition to the expected variant in which
these three-dimensional submanifolds are three-dimensional planes (see below).
To construct an embedding into a five-dimensional space, we must find representations V
of the group G that are either five-dimensional (pseudo)orthogonal matrices or six-dimensional
matrices of form (2). To describe representations of G, we first describe a representation of its
subgroup SO(3) and subsequently define the action of translations T 3 on this representation
space. As above, we assume that the representation V has no continuous kernel. We can then
show that the only possible variant is when V is a five-dimensional pseudoorthogonal matrix
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(in some basis). The representation space is then the direct sum of the vector representation
and two scalar representations of SO(3), and formula (3) becomes
y = V (g) y0 =

 Oik 0 βbiβbmOmk 1 12β2bmbm
0 0 1



 x0ks01
s02

 , (22)
where we write the five-dimensional matrix V (g) in the block form and β is an arbitrary constant
such that β 6= 0. The quadratic form preserved by this matrix is up to a factor
η =

 −δik 0 00 0 1
0 1 0

 , (23)
i.e., V (g) in this case is a pseudoorthogonal matrix written in lightlike coordinates.
We can also show that we have a unique variant in which V is a six-dimensional matrix
of form (2). The representation space is then the direct sum of one vector representation and
three scalar representations of the SO(3) subgroup, and formula (3) becomes
y = V (g) y0 =


Oik 0 0 βbi
0 1 0 0
0 0 1 0
0 0 0 1




x0k
s01
s02
1

 . (24)
where β 6= 0. We see that the part of the matrix V (g) corresponding to Λ (see formula (2)) is
orthogonal.
We first consider the case of representation (24). Because elements of the group G depend
on six real parameters and the surface corresponding to a fixed value of t must be three-
dimensional, we must ensure that there is a three-dimensional stabilizer group for the initial
vector y0. We can easily see that this is the case only if x
0
k = 0. The stabilizer group is then
SO(3) rotations. As a result, because the initial vector y0 depends on t, writing the vector bi
in spherical coordinates r, θ, ϕ, we find that the embedding function in this case is
y0 = s01(t), y
2 = β r cos θ,
y1 = s02(t), y
3 = β r sin θ cosϕ,
y4 = β r sin θ sinϕ.
(25)
We stress that β here is independent of t, and we therefore cannot obtain an embedding of
metric (21) using this embedding function. We note that the section t = const of the obtained
surface is a three-dimensional plane.
We now consider the case of representation (22). We must again ensure the existence of the
three-dimensional stabilizer group of the vector y0, which can be done in two ways. First, we
can set x0k = 0 for s
0
2 6= 0, and the stabilizer group is then SO(3) rotations. Second, if x0k 6= 0,
then we necessarily have a one-dimensional stabilizer subgroup O∈SO(2) corresponding to
rotations about the vector x0k, and we must set s
0
2 = 0 for the total stabilizer group to be
three-dimensional. The stabilizer group is then the group of motions of the plane orthogonal
to x0k.
We first consider the variant with x0k 6= 0. The initial vector y0 must depend on t, but the
direction of x0k, being determined by the stabilizer subgroup of y0, must be independent of t.
In this case, we therefore have that only the length of x0k (denoted by f(t)) and the quantity
s01(t) can depend on t. With Oikx
0
k expressed in terms of f(t) and the spherical angles θ and ϕ
characterizing Oik, it follows from (22) that the embedding function is
y+= βbmOmkx
0
k + s
0
1(t), y
2 = f(t) cos θ,
y−= 0, y3 = f(t) sin θ cosϕ,
y4 = f(t) sin θ sinϕ,
(26)
where y+, y− are lightlike coordinates in the ambient space whose metric is described up to a
sign by (23).
We note that for fixed values of the parameters t, θ and ϕ , the coordinate y+ can take
arbitrary values if we change the translation parameter bm. We find that embedding function
(26)) describes a four-dimensional lightlike plane y− = 0, and we therefore cannot obtain an
embedding of metric (21) using this embedding function. We note that the section t = const
of the obtained surface is not a three-dimensional plane, although we can obtain a three-
dimensional plane by taking a different section.
It remains to consider the variant x0k = 0 for representation (22). Again taking the t-
dependence of the initial vector y0 into account and writing the vector bi in the spherical
coordinates r, θ, ϕ, we find that the embedding function in this case is
y+ = s01(t) +
1
2
β2s02(t)r
2, y2 = β s02(t) r cos θ,
y− = s02(t), y
3 = β s02(t) r sin θ cosϕ,
y4 = β s02(t) r sin θ sinϕ.
(27)
Substituting it in Eq. (1) with the right-hand side corresponding to metric (21), we can find
the function s01,2(t) and obtain the final expression (up to the Lorentz boost in the plane y
+, y−)
for the embedding function in the spatially flat Friedmann model:
y0 =
1
2
(
r2a(t) +
∫
dt
a˙(t)
+ a(t)
)
, y2 = a(t) r cos θ,
y1 =
1
2
(
r2a(t) +
∫
dt
a˙(t)
− a(t)
)
, y3 = a(t) r sin θ cosϕ,
y4 = a(t) r sin θ sinϕ,
(28)
The signature of the ambient space is (+−−−−). This embedding coincides with that presented
in [22]. We note that a section t = const (and also all other sections) of the obtained surface
is not a three-dimensional plane although it does have a symmetry with respect to the motion
group of this plane. This section is a parabolic surface (because y+ is quadratic in r) in the four-
dimensional ”lightlike” subspace (y+, y2, y3, y4), which is an intermediate variant between the
sphere appearing in the closed Friedmann model and the pseudosphere (hyperboloid) appearing
in the open Friedmann model. This is also supported by the fact that we can obtain embedding
(28) by some limit transitions from embeddings (16) and (19) of the respective closed and open
models; this was shown in [11] in the example of the closed model.
We can therefore classify the embeddings for the closed, open, and spatially flat Friedmann
models as the respective elliptic, hyperbolic, and parabolic embeddings. With respect to the
11
symmetry realization, these three embeddings are interrelated as the Kasner, Fronsdal, and
Fujitani-Ikeda-Matsumoto embeddings of the Schwarzschild metric (see variants 1, 2, and 3 in
Sec. 3).
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